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HOLONOMY LIE ALGEBRA OF A FIBER-TYPE ARRANGEMENT
WEILI GUO AND YE LIU
Abstract. We prove that the holonomy Lie algebra of a fiber-type arrangement is an iterated almost-
direct product of a series of free Lie algebras with ranks the exponents of the arrangement. This is
a Lie algebra version analogue of the well-known result of Falk-Randell that the fundamental group
of the complement of a fiber-type arrangement is an iterated almost-direct product of a series of
free groups with ranks the exponents of the arrangements. By using Jambu-Papadima’s deformation
method, we generalize the result to hypersolvable arrangements. As byproducts, we reprove the LCS
formula for those arrangements.
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1. Introduction
For a hyperplane arrangement A in Cℓ, the complement
M =M(A ) = Cℓ \
⋃
H∈A
H
is of significant interest in the study of hyperplane arrangements. The fundamental group G = π1(M)
is arguably the most important group associated to an arrangement. The lower central series of G is
G = G1 ⊃ G2 ⊃ G3 ⊃ · · ·
where Gi = [Gi−1, G1] for i ≥ 2. The graded vector space gr(G;Q) := (
⊕
Gi/Gi+1)⊗Q is in fact a Lie
algebra, with bracket induced by group commutators, hence called the associated graded Lie algebra
of G. The dimension of each graded piece ϕi(A ) = ϕi(G) = dimgr(G;Q)i = rank(Gi/Gi+1) is then
an invariant of the arrangement A . Evidently, ϕ1(A ) = #A . In the literature,
UA (t) :=
∞∏
i=1
(1− ti)ϕi(A ) ∈ Z[[t]]
is used frequently to encapsulate all information about ϕi(A ). An explicit equality relating UA (t)
with some polynomial is usually called a LCS (lower central series) formula. The first such formula is
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due to Kohno [Koh85], for braid arrangement:
UA (t) = PM (−t),
where PM (t) is the Poincare´ polynomial of M . The same formula has been proved for fiber-type
arrangements by Falk and Randell [FR85], Shelton and Yuzvinsky [SY97] also give an interpretation
using Koszul duality. The LCS formula for M a formal rational K(π, 1) space has been given by
Papadima and Yuzvinsky [PY99]. An analogue formula for hypersolvable arrangements has been
proved by Jambu and Papadima [JP98]. For decomposable arrangements, Papadima and Suciu [PS06]
give a LCS formula. Lima-Filho and Schenck [LFS09] proves a LCS formula for graphic arrangements
(subarrangements of braid arrangements), which was conjectured in [SS02].
The associated Lie algebra gr(G;Q) is constructed in a group-theoretic fashion and thus not easy to
deal with. Thanks to a theorem of Kohno [Koh83], (see Theorem 2.4), it is naturally isomorphic to a
combinatorially defined graded Lie algebra, the holonomy Lie algebra h(A ) = h(M) (definition given
in §2.2), which is defined using the intersection lattice L (A ) up to rank 2. The goal of this paper
is to study directly the structure of the holonomy Lie algebra of fiber-type arrangements (definition
given in §3.2) defined by Falk and Randell [FR85]. Roughly speaking, a fiber-type arrangement A has
complement M in Cℓ admitting a tower of fibrations
M =Mℓ
pℓ−→Mℓ−1
pℓ−1
−−−→ · · ·
p2
−→M1 = C
∗,
with fiber Fi of pi homeomorphic to C with finitely many points removed. An equivalent description
in lattice theory is the definition of supersolvable arrangement (Theorem 3.10). The combinatorics and
topology of fiber-type (or supersolvable) arrangements are better understood than others, for example,
they are both free and K(π, 1).
However we shall focus on the holonomy Lie algebra of fiber-type arrangements. Our main result
is that the holonomy Lie algebra of a fiber-type arrangement is an iterated almost-direct product
of a series of free Lie algebras with ranks the exponents of the fiber-type arrangement. This is an
analogous result to its group-theoretic counterpart, proved by Falk and Randell [FR85], saying that
the fundamental group of the complement to a fiber-type arrangement is an iterated almost-direct
product of free groups. Our method is combinatorial and we avoid usage of their group-theoretic
techniques and results. This in turn provides yet another proof for the LCS formula for fiber-type
arrangements.
The structure of the paper is as follows. In Section 2, we record basic definitions of hyperplane
arrangements, as well as holonomy Lie algebras. The proof of the main result is given in Section 3.
We apply our result to hypersolvable arrangements in Section 4.
2. Definitions
2.1. Notations of hyperplane arrangements. A hyperplane H in Cℓ is an affine subspace of
dimension ℓ− 1. A hyperplane arrangement A is a finite collection of such hyperplanes. A hyperplane
arrangement in Cℓ is also called an ℓ-arrangement. We call an arrangement A central when the
intersection of all hyperplanes in A is not empty. All arrangements considered in this paper are
central.
Let A be an arrangement, and let L (A ) be the set of all nonempty intersections in A , including
the whole space V = Cℓ as the intersection over the empty set. An element of L (A ) is also called a
flat. The order of L (A ) is defined by reverse inclusion, say X  Y in L (A ) if X ⊇ Y. We call L (A )
the intersection poset of A . The rank function of X ∈ L (A ) is given by
r(X) = codim(X) = ℓ− dim(X).
Denote Lk(A ) = {X ∈ L (A ) | r(X) = k} and L≤k(A ) = {X ∈ L (A ) | r(X) ≤ k}. For
X ∈ L (A ), denote L (A )X = {Y ∈ L (A ) | Y  X}.
For a central arrangement A , the intersection poset L (A ) is a lattice which has the unique
maximum
⋂
A =
⋂
H∈A H and write r(A ) = r(
⋂
A ). For X,Y ∈ L (A ), denote their meet
X ∧ Y =
⋂
{Z ∈ L (A ) | X ∪ Y ⊆ Z} and their join X ∨ Y = X ∩ Y .
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Definition 2.1. A pair (X,Y ) ∈ L (A ) ×L (A ) is called a modular pair if for all Z ∈ L (A ) with
Z  Y
Z ∨ (X ∧ Y ) = (Z ∨X) ∧ Y.
For a modular pair (X,Y ), we have r(X) + r(Y ) = r(X ∧ Y ) + r(X ∨ Y ).
Definition 2.2. An element X ∈ L (A ) is called modular if (X,Y ) is a modular pair for all Y ∈
L (A ).
Definition 2.3. Let A be an arrangement with r(A ) = ℓ. We call A supersolvable if L (A ) has a
maximal chain of modular elements
Cℓ = X0 ≺ X1 ≺ · · · ≺ Xℓ =
⋂
A .
For more details of definitions of hyperplane arrangements, we refer the reader to the book [OT92].
2.2. Holonomy Lie algebras of hyperplane arrangements. We fix some notations for free Lie
algebras. For a finite set X , denote by L(X) the free Lie algebra on X . We say that L(X) has rank
#X and sometimes simply denote by L(d) for a rank d free Lie algebra. For a finite dimensional vector
space V , let L(V ) be the free algebra on a basis of V . The free Lie algebra L(X) is graded by depth
of brackets L(X) =
⊕
n L(X)n.
Let M be the complement of a complex hypersurface in Cℓ. The dual of the map of cup product
H1(M ;Q) ∧H1(M ;Q)
µ
−→ H2(M ;Q) is the comultiplication map
H2(M ;Q)
µ∗
−→ H1(M ;Q) ∧H1(M ;Q) →֒ L(H1(M ;Q)),
where L(H1(M ;Q)) is the free Lie algebra on H1(M ;Q). Following Chen [Che73], we define the holo-
nomy Lie algebra h(M) of M as the quotient L(H1(M ;Q))/I(M), where I(M) = 〈Im µ∗〉 is the ideal
generated by the image of the map µ∗.
In [Koh83], Kohno gives a description of the holonomy Lie algebra for M the complement of a
hyperplane arrangement A in terms of the intersection lattice of A up to rank 2. To state Kohno’s
result, we first fix some notations. Let A be a central arrangement and L(A ) the free Lie algebra on
A . For a rank 2 flat L ∈ L2(A ), let AL = {H ∈ A | H ≺ L} and write ΣL =
∑
H∈AL
H ∈ L(A )1.
Then define I(A ) to be the ideal of L(A ) generated by
{[H,ΣL] | L ∈ L2(A ), H ≺ L} .
Note that I(A ) is a graded ideal I(A ) =
⊕
n I(A )n , where I(A )n = I(A ) ∩ L(X)n and I(A )0 =
I(A )1 = 0. Let h(A ) = L(A )/I(A ) be the quotient Lie algebra with the natural grading.
Theorem 2.4 ([Koh83]). Let M be the complement of a complex hypersurface in Cℓ, put G = π1(M),
and G = G1 ⊃ G2 ⊃ G3 ⊃ · · · the lower central series of G. Then there is an isomorphism of graded
Lie algebras
h(M) ∼=
(⊕
Gi/Gi+1
)
⊗Q.
If M is the complement of a hyperplane arrangement A , we have
h(M) ∼= h(A ).
Using this theorem, we can compute the invariant ϕi(G) = rank(Gi/Gi+1) of arrangement A
through calculating the dimension of h(M)i. From now on, we take h(A ) as the definition of holonomy
Lie algebra of the arrangement A , as well as of its complement M .
3. Holonomy Lie algebras of fiber-type arrangements
3.1. Closed subarrangements. The definitions of closed subarrangements appeared in [JP98] for
their studies of hypersolvable arrangements. We single out this definition as the holonomy Lie algebras
of such arrangement pairs behave well. Note that since solvable pairs and strictly linearly fibered pairs
of arrangements are closed, they also enjoy the same properties. The results here are generalizations
of those in [LFS09], where the authors consider graphic arrangement pairs which are triangle complete.
We point out that such arrangement pairs are also closed.
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Definition 3.1 (Closed subarrangements). Let A be a hyperplane arrangement. A proper subar-
rangement B ⊂ A is said to be closed in A if r(α ∩ β ∩ c) = 3 for any α, β ∈ B (α 6= β) and any
c ∈ A \B.
In this subsection, we shall consider a pair of arrangement B ⊂ A , where B is closed in A . Firstly,
we prove a technical lemma.
Lemma 3.2. Assume B ⊂ A is closed. If α = [xn, [xn−1, . . . [x1, x0] . . .]] ∈ L(A ), for some xi ∈
A \B, then in h(A ),
α+ I(A ) = αF + I(A )
for some αF ∈ L(A ) where all entries are from A \B.
Proof. This lemma is a generalization of Lemma 2.2 in [LFS09]. We include the proof for the conve-
nience of the readers. We prove by induction on n.
First suppose n = 1, α = [x1, x0] and x1 ∈ A \B, x0 ∈ B. If L = x0 ∩ x1 ∈ L2(A ) has no other
x′ under it x′ ≺ L, then
[x1, x0] + I(A ) = [x1, x0 + x1] + I(A ) = 0 + I(A ) = [x1, x1] + I(A ),
hence αF = [x1, x1] is the desired representative. If L = x0∩x1 ∈ L2(A ) has other hyperplanes under
it, say all hyperplanes under L are {x0, x1, x2, . . . , xs}. Since B is closed, x1, x2, . . . , xs ∈ A \B, then
we have
[x1, x0] + I(A ) = [x1, x0 + x1 + · · ·+ xs]− [x1, x2]− · · · − [x1, xs] + I(A ) = α
F + I(A ),
where αF = [x2, x1] + · · ·+ [xs, x1] is the desired representative.
Next suppose β = [xn−1, . . . , [x1, x0] . . .] = [xn−1, β
′] has at least one entry from A \B and consider
α = [xn, β]. By inductive hypothesis, it suffices to assume all entries of β are from A \B. Then the
Jacobi identity gives
[xn, [xn−1, β
′]] = −[β′, [xn, xn−1]]− [xn−1, [β
′, xn]].
The inductive hypothesis again proves the result. For the case xn ∈ A \ B and all entries of β are
from B, the result also follows from the above Jacobi identity and the inductive hypothesis. 
For B ⊂ A , there is an inclusion σ : L(B) → L(A ) between free Lie algebras, via which we may
identify L(B) as a Lie subalgebra of L(A ). In the other direction, the assignment
π(x) =
{
x, if x ∈ B;
0, if x ∈ A \B.
extends to a surjective Lie algebra homomorphism π : L(A ) → L(B). Note that π ◦ σ = idL(B). If
B ⊂ A is closed, then each L ∈ L2(A ) is either in L2(B) or has at most one x′ ∈ B under it x′ ≺ L.
Hence for a generator [x,ΣL] of I(A )
π([x,ΣL]) =
{
[x,ΣL], if L ∈ L2(B);
0, otherwise .
Clearly, generators of I(B) are all in π(I(A )) and we obtain π(I(A )) = I(A ) ∩ L(B) = I(B).
Therefore π descends to a surjective Lie algebra homomorphism π∗ : h(A ) → h(B) with a section
σ∗ : h(B) → h(A ) induced by σ. Note that σ∗ is injective since I(A ) ∩ L(B) = I(B). Thus h(B) is
identified as the subalgebra of h(A ) generated by {α+ I(A ) | α ∈ B}. In other words,
h(B) =
L(B)
I(B)
=
L(B)
L(B) ∩ I(A )
.
To state the main result of this subsection, we introduce the following definition. It is the Lie
algebra version of an almost-direct product of groups, which was probably first studied by Falk-Randell
[FR85] and named by Jambu-Papadima [JP98].
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Definition 3.3. A Lie algebra g is an almost-direct product of q and h if there is a split short exact
sequence of Lie algebras
0→ h → g⇄
σ
q→ 0,
and [h, σ(q)] ⊂ [h, h].
Proposition 3.4. Assume B ⊂ A is closed. The kernel of π∗ is the subalgebra of h(A ) generated by
{α+ I(A ) | α ∈ A \B}. In other words,
Ker π∗ ∼=
L(A \B)
L(A \B) ∩ I(A )
.
Moreover, h(A ) is an almost-directed product of h(B) and Ker π∗.
Proof. This proposition is a generalization of Corollary 2.3 in [LFS09]. We adopt the same proof. In
the following diagram of snake lemma,
Ker π| I(A ) I(B)
Ker π L(A ) L(B) 0
0 Ker π∗ h(A ) h(B)
Coker pA | 0 0
π|
pA |
π
pA pB
π∗
∂
∂
since π|I(A ) is onto, the connecting homomorphism ∂ is trivial. This proves that pA restricts to a
surjection Ker π → Ker π∗. Note that Ker π is the ideal of L(A ) generated by elements in A \ B.
Then Ker π∗ is the ideal of h(A ) generated by {α+ I(A ) | α ∈ A \B}. By Lemma 3.2, any element
in Ker π∗ represented by a bracket containing entries from A \B can always be represented by sum
of brackets containing no entries from B. To prove Ker π∗ is the subalgebra of h(A ) generated by
{α + I(A ) | α ∈ A \ B}, take an element of h(A ) represented by β ∈ L(A ) a sum of brackets
whose entries are all from B, then π∗(β + I(A )) = 0 if and only if π(β) = β ∈ I(B). Since
I(B) = I(A ) ∩ L(B), we conclude that Ker π∗ does not contain nontrivial element represented by
sum of brackets whose entries are all from B.
The desired isomorphism is induced by the canonical quotient homomorphism pA : L(A )→ h(A ).
The inclusion [Ker π∗, h(B)] ⊂ [Ker π∗,Ker π∗] is a consequence of Lemma 3.2. 
3.2. Fiber-type arrangements. In [FR85], Falk and Randell define and study an interesting class
of hyperplane arrangements, called fiber-type arrangements.
Definition 3.5. The complementM of a central hyperplane arrangement A in Cℓ is said to be strictly
linearly fibered if after a suitable linear change of coordinates the restriction of the projection to the
first (ℓ − 1) coordinates is a fiber bundle projection with base N the complement of an arrangement
in Cℓ−1 and fiber a complex line with finitely many points removed.
We agree that C∗ = C− {0} is the complement of an arrangement.
Definition 3.6. We define the class of fiber-type arrangements inductively.
(i) The 1-arrangement {0} is a fiber-type arrangement.
(ii) An ℓ-arrangemnts (ℓ ≥ 2) A is said to be of fiber-type if the complement M is strictly linearly
fibered over N, and N is the complement of an (ℓ− 1)-arrangement of fiber-type.
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Thus the complement Mℓ of an ℓ-arrangement of fiber-type sits atop a tower of fibrations
M = Mℓ
pℓ−→ N =Mℓ−1
pℓ−1
−−−→ · · ·
p2
−→M1 = C
∗.
with the fiber Fk of pk homeomorphic to C with dk points removed (k = 2, . . . , ℓ) and C
∗ = C− {0}.
Definition 3.7. We call the numbers (1 = d1, d2, . . . , dℓ) the exponents of the fiber-type arrangement.
An explicit construction of a section of each fibration pk is given in [FR85].
Proposition 3.8 ([FR85]). Let pk :Mk →Mk−1 be a projection fibration of arrangement complements
as above, then there is a section σk :Mk−1 →Mk.
Example 3.9. (Braid arrangement) For the braid arrangementAℓ = {Hij : zi−zj = 0 | 1 ≤ i < j ≤ ℓ}
in Cℓ and its complement Mℓ = {(z1, z2, . . . , zℓ) | zi 6= zj, 1 ≤ i < j ≤ ℓ}, we have
Mℓ
pℓ−→Mℓ−1
pℓ−1
−−−→ · · ·
p2
−→M1 = C
∗,
where the map pk(z1, z2, . . . , zk) = (z1, z2, . . . , zk−1), k ∈ {2, 3, . . . , ℓ}. Note that p2 needs a coordinate
change to have the desired form. The corresponding fiber Fk is homeomorphic to C with dk = k − 1
points removed for k ≥ 3 and d2 = 0. So the exponents of braid arrangement is (d1, d2, . . . , dℓ) =
(1, 0, 2, . . . , ℓ− 1).
In [Ter86], Terao studies fiber-type arrangements in a combinatorial setting. He proves that
Theorem 3.10 ([Ter86]). A central arrangement is of fiber-type if and only if it is supersolvable.
In fact, the maximal chain of modular elements in the supersolvable intersection lattice corresponds
to the tower of fibrations of a fiber-type arrangement. Hence we shall not distinguish the two names
of the same class of arrangements.
Thanks to the simple structure of the fibrations, Falk and Randell [FR85] were able to use the degen-
eration of the Serre spectral sequence to show that the Poincare´ polynomial PM (t) of the complement
of a fiber-type arrangement factors as
PM (t) =
ℓ∏
i=1
(1 + dit),
where d1, . . . , dℓ are the exponents. Together with a group-theoretic investigation of the successive
quotients in the lower central series of the fundamental groups of each fibration, they obtain a LCS
formula for fiber-type arrangements (see Corollary 3.16).
The same formula also follows from the next theorem by Jambu.
Theorem 3.11 ([Jam90]). Let A be a fiber-type arrangement with exponents (d1, · · · , dℓ), then the
holonomy Lie algebra h(A ) has a graded vector space decomposition as a direct sum of free Lie algebras
of ranks di
h(A ) ∼=
ℓ⊕
i=1
L(di).
Jambu also points out that the above isomorphism is not an isomorphism of Lie algebras. In the
remaining of this section, we shall study the Lie algebra extension structure of h(A ).
Suppose that M is the complement of a strictly linearly fibered arrangement A in Cℓ, that is, the
projection p : Cℓ → Cℓ−1 forgetting the last coordinate restricts to a fiber bundle p|M : M → N
with base space N the complement of an arrangement B in Cℓ−1, and fiber F the complex line with
d = #A − #B points removed. Let K = {(0, . . . , 0, z) | z ∈ C} ⊂ Cℓ be the kernel of p, which is
a 1-dimensional subspace of Cℓ. We classify hyperplanes in A into two classes with respect to p: we
call H ∈ A vertical (resp. horizontal) if H ⊃ K (resp. H 6⊃ K). Let A v (resp. A h) denote the set
of vertical (resp. horizontal) hyperplanes in A . Hence A = A v ⊔A h. It is easily seen that
codimCℓ−1p(H) =
{
1, if H ∈ A v;
0, if H ∈ A h.
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Moreover, B = {p(H) | H ∈ A v} and #A h = d. Let 〈K〉 =
⋂
H⊃K H =
⋂
H∈A v H ∈ L (A ), we have
the isomorphisms of intersection lattices (see [Ter86] p.138)
L (B) ∼= L (A v) ∼= L (A )〈K〉.
We frequently identify these lattices. The following fact is a consequence of Theorem 2.9 of [Ter86]:
Proposition 3.12. If d = 0, then 〈K〉 =
⋂
H∈A H. If d > 0, then 〈K〉 is a modular element of rank
r(〈K〉) = r(A )− 1.
Now we are ready to state our key theorem in this section.
Theorem 3.13. Let A be a strictly linearly fibered arrangement. The holonomy Lie algebra h(A ) is
an almost-direct product of h(A v) and the free Lie algebra L(A h).
Proof. It is readily seen that A v ⊂ A is a closed subarrangement. Indeed, if L = H1∩H2 ∈ L2(A )〈K〉
for distinct H1, H2 ∈ A v, then H0 ≺ L implies H0 ∈ A v. Applying Proposition 3.4 for A v ⊂ A , we
obtain that h(A ) is an almost-direct product of h(A v) and
Ker π∗ ∼=
L(A h)
L(A h) ∩ I(A )
The following Lemma 3.14 then completes the proof, noting that the conditions of Lemma 3.14 are
satisfied in our case in view of Proposition 3.12. 
Lemma 3.14. For a subarrangement B ⊂ A with
⋂
B a modular element of rank r(B) = r(A )− 1,
the Lie subalgebra L(A \B) of L(A ) intersects the ideal I(A ) trivially.
Proof. This is exactly Part 2 of the proof of [Jam90] Theorem 4.3.1. 
There is a straightforward corollary.
Corollary 3.15. If A is a fiber-type arrangement in Cℓ and M is the complement, then the holonomy
Lie algebra h(A ) is an iterated almost-direct product of free Lie algebras L(1),L(d2),L(d3), . . . ,L(dℓ),
where L(di) is the free Lie algebra of rank di and (1 = d1, d2, d3, . . . , dℓ) are the exponents of A . In
particular
ϕj(A ) = dim h(A )j =
ℓ∑
i=1
dimL(di)j
for all j.
This leads to the LCS formula for fiber-type arrangements [FR85].
Corollary 3.16 ([FR85]). If A is a fiber-type arrangement in Cℓ, then
∞∏
j=1
(1− tj)ϕj(A ) =
ℓ∏
i=1
(1− dit)
Proof. Since A if of fiber-type, use Corollary 3.15 we obtain
ϕj(A ) =
ℓ∑
i=1
dimL(di)j
The dimensions dimL(di)j satisfy ([MKS04])
∞∏
j=1
(1 − tj)dimL(di)j = 1− dit.
This yields the result. 
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4. Hypersolvable arrangements
Hypersolvable arrangements form a generalization of fiber-type arrangements, introduced and stud-
ied by Jambu and Papadima [JP98, JP02]. The class of hypersolvable arrangements properly contains
all fiber-type (supersolvable) arrangements and Hattori’s generic class [Hat75]. Jambu and Papadima
develop a deformation method to transform hypersolvable arrangements to supersolvable arrangements.
By virtue of this deformation, we are able to apply our main result to hypersolvable arrangements.
Definition 4.1 (Complete subarrangements). A subarrangement B ⊂ A is a complete subarrange-
ment if for any a, b ∈ A \B (a 6= b), there exists γ ∈ B such that r(a ∩ b ∩ γ) = 2.
Lemma 4.2 (Lemma 1.3 of [JP98]). If B is closed and complete in A , then
(i) r(A )− r(B) ≤ 1.
(ii) the element γ in the definition of completeness is uniquely determined by a and b. Then we
denote γ = f(a, b) = f(b, a).
Definition 4.3 (Solvable subarrangements). B ⊂ A is called a solvable subarrangement if B satisfies
the following three conditions
• B is closed;
• B is complete;
• for any distinct a, b, c ∈ A \B, either f(a, b) = f(b, c) = f(a, c) or r(f(a, b)∩f(b, c)∩f(a, c)) =
2.
Definition 4.4 (Hypersolvable arrangements). A is a hypersolvable arrangement if there exists a
sequence of subarrangements, called composition series
A1 ⊂ A2 ⊂ · · · ⊂ Aℓ = A ,
where r(A1) = 1 and each Ai is solvable in Ai+1, i = 1, 2, . . . , ℓ− 1.
The length ℓ of the composition series is a well-defined invariant of A , in fact (see Corollary 4.4 of
[JP98]),
ℓ = ℓ(A ) = sup{i | Hi(π1(M(A ));Z) 6= 0}.
By Lemma 4.2 (i), in the composition series of a hypersolvable arrangement A , either r(Ai) = r(Ai+1)
or r(Ai) = r(Ai+1)− 1. Call Ai ⊂ Ai+1 a singular (resp. nonsingular) extension if r(Ai) = r(Ai+1)
(resp. r(Ai) = r(Ai+1) − 1). Let s = s(A ) be the number of singular extensions in a composition
series of A , then s = ℓ(A )− r(A ).
Proposition 4.5 ([JP98]). If A is supersolvable, then A is hypersolvable and in its composition
series A1 ⊂ A2 ⊂ · · · ⊂ Aℓ = A , each inclusion is nonsingular: r(Ai+1) = r(Ai) + 1. In particular,
ℓ = r(A ).
Let A be an arrangement in V given by equations {αH ∈ V ∗−{0} | H ∈ A }. A vertical deformation
of A in V ×Cs is a family of arrangements in V ×Cs of the form A˜ (t) = {α˜H(t) = (αH , tvH) | H ∈ A },
where vH ∈ Cs and t ∈ C. The deformation method of Jambu and Papadima has the following
consequences.
Theorem 4.6 ([JP02]). Let A be a hypersolvable arrangement in V . There exists a vertical deforma-
tion {A˜ (t)}t∈C of A in V × Cs, such that
(i) A˜ (t) is of fiber-type of rank ℓ(A ) for all t 6= 0,
(ii) L≤2(A ) = L≤2(A˜ (t)) for all t ∈ C.
The proof of Theorem 4.6 also implies the following.
Corollary 4.7. Let A be a hypersolvable arrangement with composition series ∅ = A0 ⊂ A1 ⊂ · · · ⊂
Aℓ = A and set di = #Ai − #Ai−1 for i = 1, . . . , ℓ. Then A˜ (1) is of fiber-type with exponents
(d1, d2, . . . , dℓ).
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Since the holonomy Lie algebra of an arrangement A is determined by L≤2(A ), Theorem 4.6
implies that the holonomy Lie algebra h(A ) of a hypersolvable arrangement A is isomorphic to that
h(A˜ (1)) of A˜ (1), the latter is studied in Corollary 3.15.
Corollary 4.8. Let A be a hypersolvable arrangement with composition series ∅ = A0 ⊂ A1 ⊂ · · · ⊂
Aℓ = A and set di = #Ai −#Ai−1 for i = 1, . . . , ℓ. Then h(A ) is an iterated almost-direct product
of free Lie algebras L(d1),L(d2), . . . ,L(dℓ). In particular
ϕj(A ) = dim h(A )j =
ℓ∑
i=1
dimL(di)j
for all j.
Similarly, we also obtain the following LCS formula for hypersolvable arrangements.
Corollary 4.9 ([JP98, JP02]). Let A be a hypersolvable arrangement as above, then
∞∏
j=1
(1− tj)ϕj(A ) =
ℓ∏
i=1
(1− dit)
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